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GENUS FIELDS OF ABELIAN EXTENSIONS OF CONGRUENCE
RATIONAL FUNCTION FIELDS
MYRIAM MALDONADO–RAMI´REZ, MARTHA RZEDOWSKI–CALDERO´N,
AND GABRIEL VILLA–SALVADOR
Abstract. In the published version of this paper [Finite Fields and Their
Applications 20 (2013) 40–54], there is an error in the proof of Theorem 4.2 of
the paper. Here we correct the error and give the right statments for Theorems
4.2, 4.5 and 5.2
We give a construction of genus fields for congruence function fields. First
we consider the cyclotomic function field case following the ideas of Leopoldt
and then the general case. As applications we give explicitly the genus fields
of Kummer, Artin–Schreier and cyclic p–extensions. Kummer extensions were
obtained previously by G. Peng and Artin–Schreier extensions were obtained
by S. Hu and Y. Li.
1. Introduction
The concept of genus field goes back to Gauss [4] in the context of binary qua-
dratic forms. For any finite extensionK/Q, the genus field is defined as the maximal
unramified extension Kge of K such that Kge is the composite of K and an abelian
extension k∗ of Q: Kge = Kk∗. This definition is due to Fro¨hlich [3]. If KH denotes
the Hilbert class field of K, K ⊆ Kge ⊆ KH . Originally the definition of genus field
was given for a quadratic extension of Q. We have that for a quadratic number field
K, the Galois group of Kge/K is isomorphic to the maximal subgroup of exponent
2 of the ideal class group of K. Gauss in fact proved that if t is the number of
different positive finite rational primes dividing the discriminant δK of a quadratic
number field K, then the 2–rank of the class group of K is 2t−2 if δK > 0 and there
exists a prime p ≡ 3 mod 4 dividing δK and 2t−1 otherwise.
H.W. Leopoldt [9] determined the genus field Kge of an abelian extension K of
Q using Dirichlet characters, generalizing the work of H. Hasse [5] who introduced
genus theory for quadratic number fields.
M. Ishida determined the genus field Kge of any finite extension of Q [8]. X.
Zhang [15] gave a simple expression of Kge for any abelian extension K of Q using
Hilbert ramification theory.
For function fields, the notion of Hilbert class field has no proper analogue since
the maximal abelian extension of any congruence function field K/Fq contains
Km := KFqm for all positive integers m and therefore the maximal unramified
abelian extension of K is of infinite degree over K.
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M. Rosen [11] gave a definition of an analogue of the Hilbert class field of K
and a fixed finite nonempty set S∞ of prime divisors of K. Using this definition, a
proper concept of genus field can be given along the lines of the classical case. R.
Clement [2] considered a cyclic extension of k := Fq(T ) of degree a prime number l
dividing q − 1 and found the genus field using class field theory. Later, S. Bae and
J.K. Koo [1] generalized the results of Clement following the methods of Fro¨hlich
[3].
G. Peng [10] explicitly described the genus theory for Kummer function fields.
Recently S. Hu and Y. Li [7] explicitly described the ambiguous ideal classes and
the genus field of an Artin–Schreier extension of a rational congruence function
field.
In this paper we develop an analogue of Leopoldt’s genus theory for congruence
function fields. We give a description of the genus field Kge of a finite abelian
extension of a rational congruence function field by means of the group of Dirichlet
characters for cyclotomic function fields. Here we consider the Hilbert class field
KH of a function field K using the construction of Rosen for S∞ = {p∞}, where
p∞ is the pole divisor of T in the rational function field k = Fq(T ).
More precisely, let K be a finite abelian extension of k. Then if K is contained in
a cyclotomic extension, we find that Kge is also contained in a cyclotomic extension
and we find the group of characters associated to Kge. If K is not contained in a
cyclotomic extension and p∞ is tamely ramified, we consider a suitable extension of
constants of K and then proceed as before to find Kge. Finally, if p∞ is wildly ram-
ified we consider the cyclotomic extension where p∞ is totally and wildly ramified
and proceed similarly to the previous cases.
We apply our results to Kummer and to Artin–Schreier extensions of k and we
give new proofs of the results of Peng and of Hu and Li. At the end, we show that
our construction also works to find explicitly the genus field of an arbitrary finite
cyclic p–extension of k given by a Witt vector.
2. The classical case
Let K be a number field, that is, a finite extension of Q. Let KH be the Hilbert
class field ofK, that is, KH is the maximal abelian unramified extension ofK. Then
the genus field Kge of K is the maximal extension of K contained in KH that is the
composite of K and an abelian extension k∗ of Q. Equivalently, Kge = Kk∗ ⊆ KH
with k∗ the maximal abelian extension of Q contained in KH .
First we recall genus theory in the abelian case for number fields [9]. In this case
Kge is the maximal extension of K contained in KH such that Kge/Q is abelian.
So, in this section we consider K/Q an abelian extension. By the Kronecker–Weber
Theorem there exists n ∈ N such that K ⊆ Q(ζn), where ζn denotes a primitive
n–th root of unity. Let X be the group of Dirichlet characters associated to K.
That is, X is a subgroup of the dual of Gal(Q(ζn)/Q) ∼= Un :=
(
Z/nZ
)∗
; then
X ⊆ Uˆn and K is the subfield of Q(ζn) fixed by ∩χ∈X kerχ.
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Let n = pα11 · · · pαrr be the factorization of n as a product of prime powers. For
any character χ let χpi = χ ◦ ϕi
Un
χ
// C∗
Upαi
i
ϕi
OO
χpi
==④④④④④④④④④
where ϕi = Φ
−1 ◦ gpi , with
Φ: Un →
r∏
j=1
U
p
αj
j
a mod n 7→ (a mod pjαj )j
and
gpi : Upαi
i
→
r∏
j=1
U
p
αj
j
a mod pi
αi 7→ (1, . . . , a mod piαi , . . . , 1).
The character χpi has conductor p
βi
i for some βi ∈ N, 1 ≤ i ≤ r. For any
rational prime p /∈ {p1, . . . , pr}, χp = 1. Let p be a rational prime and define
Xp := {χp | χ ∈ X}. Then we have |Xp| = ep is the ramification index of p in K.
Thus,
Theorem 2.1 (Leopoldt [9]). Let K be an abelian extension of Q and let X be
the group of Dirichlet characters associated to K. Let J be the maximal abelian
extension of Q containing K such that J/K is unramified at every finite rational
prime. Let Y be the group of Dirichlet characters associated to J . Then Y =∏
p∈P Xp, where the product runs through the set of rational primes P.
Proof. Since J/K is not ramified at any finite prime, we have ep(J |K) = 1, then the
ramification indices coincide, thus |Xp| = |Yp| for all primes p. Since Xp ⊆ Yp, we
have Xp = Yp. Let Z :=
∏
p∈P Xp. Then Zp = Xp. Let F be the field associated to
Z. As X ⊆ ∏p∈P Xp = Z, we have K ⊆ F and analogously J ⊆ F . On the other
hand, since |Xp| = |Zp|, the extension F/K is unramified, thus F ⊆ J . Therefore
F = J and it follows that Y = Z =
∏
p∈P Xp. 
Remark 2.2. If the infinite primes are unramified in J/K we have Kge = J .
Otherwise, K is real and J is imaginary. Then Kge = J
+ where J+ := J ∩ R and
the group of Dirichlet characters associated to J+ is Y + := {χ ∈ Y | χ(−1) = 1}.
Finally [J : J+] = [Y : Y +] = 2.
Example 2.3 (Gauss genus theorem). Let K = Q(
√
d) be a quadratic extension
of Q, where d ∈ Z is square free. Let m be the number of different prime factors
of δK , the discriminant of K. If p1, . . . , pm are these factors, we choose p1 = 2 if
2 | δK .
Let χ be the quadratic character associated to K. Then χpi 6= 1, 1 ≤ i ≤ m
and χq = 1 for all q ∈ P \ {p1, . . . , pm}. For pi 6= 2, χpi is unique and χpi(−1) =
(−1)(pi−1)/2. In this case the field associated to χpi is Q
(√
(−1)(pi−1)/2pi
)
. If
p1 = 2, then there are three quadratic characters χp1 = χ2; two of them have
conductor 8, one is real and one imaginary, and the other one has conductor 4.
If χ2 is real, χ(−1) = 1 and the field associated is Q(
√
2). If χ2 is imaginary of
conductor 8, χ(−1) = −1 and the field associated is Q(√−2). Finally, if χ2 is of
conductor 4, χ(−1) = −1 and the field associated to χ2 is Q(ζ4) = Q(i) = Q(
√−1).
It follows that the maximal abelian extension of Q unramified at every finite prime
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is J = Q
(√
ε,
√
(−1)(pi−1)/2pi | 2 ≤ i ≤ m
)
where ε = (−1)(p1−1)/2p1 if p1 6= 2 and
ε = 2,−2 or −1 if p1 = 2.
Thus we obtain [J : Q] = 2m and [J : K] = 2m−1. We have Kge = J except
when K is real and J is imaginary and this last case occurs when δK > 0 (d > 0)
and there exists pi ≡ 3 mod 4. In this case, [J+ : K] = 2m−2. For the quadratic
extension K = Q(
√−14) over Q, we have Kge = Q(
√
2,
√−7) and for K = Q(√79)
we obtain J = Q(
√−79, i) and Kge = J+ = J ∩R = Q(
√
79) = K.
Now if CK is the class group of K, CK ∼= Gal(KH/K) and E is the fixed field
of C2K , then Gal(E/K) ∼= CK/C2K . Since Kge is the maximal abelian extension of
Q contained in KH , Kge is the fixed subfield of KH under the derived group G′ of
G := Gal(KH/Q). It can be verified that G
′ = C2K so that Kge = E and it follows
that the 2–rank of CK is m− 1 unless d > 0 and there exists a prime p ≡ 3 mod 4
dividing d and in this case the 2–rank of CK is m− 2.
Example 2.4. If p is an odd prime, K is a cyclic extension of Q of degree p and m
is the number of ramified primes in K, it follows that Kge is an elementary abelian
p–extension of Q of degree pm and [Kge : K] = pm−1. In particular pm−1 | |CK |.
Now let K be any abelian extension of Q with Dirichlet character group X .
Consider for each p ∈ P , Xp. Let J be the field associated to
∏
p∈P Xp. Let
pmp := gcd{fχp | χ ∈ X} where fχp denotes the conductor of χp. Then the field Kp
associated to Xp is contained in Q(ζpmp ) but not in Q(ζpmp−1). If p is odd, Kp is the
unique subfield of Q(ζpmp ) of degree |Xp| over Q and Kp/Q is a cyclic extension. If
p = 2, K2 is one of the following fields. If |X2| = ϕ(2m2) = 2m2−1, K2 = Q(ζ2m2 ).
If |X2| = ϕ(2
m2)
2 = 2
m2−2, K2 = Q(ζ2m2 )
+ = Q
(
ζ2m2 + ζ
−1
2m2
)
= Q(ζ2m2 ) ∩ R if
χ(−1) = 1 for all χ ∈ X and K2 = Q
(
ζ2m2 − ζ−12m2
)
if there exists χ ∈ X with
χ(−1) = −1.
Therefore, if K and J are both real or both imaginary, Kge = J =
∏
p∈P Kp. If
K is real and J is imaginary, Kge = J
+ = J ∩ R.
3. Cyclotomic function fields
Most of the results on cyclotomic function fields we need in this paper were
developed by D.R. Hayes in [6]. As a reference we use [6, 14]. Let k = Fq(T )
be a rational congruence function field, Fq denoting the finite field of q elements.
Let RT = Fq[T ] be the ring of polynomials, that is, we choose RT as the ring of
integers of k. R+T denotes the set of monic irreducible polynomials in RT . For
N ∈ RT \ {0}, ΛN denotes the N–torsion of the Carlitz module and k(ΛN ) denotes
the N–th cyclotomic function field. The RT –module ΛN is cyclic and λN , or λ if
there is no possible confusion, denotes a generator of ΛN as RT –module. If we let
X := 1/T , RX = R1/T = Fq[1/T ], then k = Fq(1/T ) and we define Λ1/Tn as the
(1/T n)–torsion of the Carlitz module with RX instead of RT . For any function
field K/Fq, Km := KFqm denotes the constant field extension. For any m ∈ N, Cm
denotes a cyclic group of order m.
We have k(ΛN ) = k(λN ) and GN := Gal(k(ΛN )/k) ∼=
(
RT /(N)
)∗
with the
identification σAλN = λ
A
N for A ∈ RT . For any finite extension K/k we will use the
symbol S∞(K) to denote either one prime or the set of all primes in K above p∞,
the pole divisor of T in k. When we mention the degree of S∞(K), where K/k is
a Galois extension, we mean the degree of each element of S∞(K). We understand
by a Dirichlet character any group homomorphism χ :
(
RT /(N)
)∗ → C∗ and we
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define the conductor fχ of χ as the monic polynomial of minimum degree such that
χ can be defined modulo fχ, χ :
(
RT /(fχ)
)∗ → C∗.
Given any group of characters X ⊆ ĜN (= Hom(GN ,C∗)), the field associated
to X is the subfield of k(ΛN ) fixed under ∩χ∈X kerχ. Conversely, for any field
K ⊆ k(ΛN), the group of Dirichlet characters associated to K is ̂Gal(K/k).
For any character χ we consider the canonical decomposition χ =
∏
P∈R+
T
χP ,
where χP has conductor a power of P . We have fχ =
∏
P∈R+
T
fχP .
If X is a group of Dirichlet characters, we write XP := {χP | χ ∈ X} for P ∈ R+T .
If K is any extension of k, k ⊆ K ⊆ k(ΛN ) and P ∈ R+T , then the ramification
index of P in K is eP = |XP |.
In k(ΛN )/k, p∞ has ramification index q− 1 and decomposes into |GN |q−1 different
prime divisors of k(ΛN ) of degree 1. Furthermore, with the identification GN ∼=(
RT /(N)
)∗
, the inertia group I of p∞ is F
∗
q ⊆
(
RT /(N)
)∗
, that is, I = {σa | a ∈
F∗q}. In this case the inertia and the decomposition groups coincide. The primes
that ramify in k(ΛN )/k are p∞ and the polynomials P ∈ R+T such that P | N .
We set Ln to be the largest subfield of k(Λ1/Tn) where p∞ is fully and purely
wildly ramified, n ∈ N. For any field F , nF denotes the composite FLn.
We recall Rosen’s definition for a relative Hilbert class field of a congruence
function field K.
Definition 3.1 ([11]). Let K be a function field with field of constants Fq. Let S
be any nonempty finite set of prime divisors of K. The Hilbert class function field
of K relative to S, KH,S, is the maximal unramified abelian extension of K where
every element of S decomposes fully.
From now on, for any finite extension K of k we will consider S as the set of
prime divisors dividing p∞, the pole divisor of T in k and we write KH instead of
KH,S.
Definition 3.2. Let K be a finite geometric extension of k, that is, the exact
field of constants of K is Fq. The genus field Kge of K is the maximal extension
of K contained in KH that is the composite of K and an abelian extension of k.
Equivalently, Kge = Kk
∗ where k∗ is the maximal abelian extension of k contained
in KH .
When K/k is an abelian extension, Kge is the maximal abelian extension of k
contained inKH . Our main goal in this section is to findKge whenK is a subfield of
a cyclotomic function field. In what follows K will always denote a finite geometric
abelian extension of k. First we note that we have the analogue to Leopoldt’s result.
Proposition 3.3. If K ⊆ k(ΛN ) and the group of characters associated to K is X,
then the maximal abelian extension J of K unramified at every finite prime P ∈ R+T ,
contained in a cyclotomic extension, is the field associated to Y =
∏
P∈R+
T
XP =∏
P |N XP .
Proof. Analogous to the proof of Theorem 2.1. 
In this case p∞ has no inertia in J/K but it might be ramified.
The following proposition should be well known. However, since we could not
find any reference, we include it here.
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Proposition 3.4. If E/k is an abelian extension such that p∞ is tamely ramified,
then there exist N ∈ RT and m ∈ N such that E ⊆ k(ΛN )Fqm .
Proof. By the Kronecker–Weber Theorem [14, Theorem 12.8.5], we have E ⊆
k(ΛN)FqmLn = nk(ΛN)m for some N ∈ RT and n,m ∈ N.
F FLn
V
③③
③③
③③
③③
E
⑧⑧
⑧⑧
⑧⑧
⑧⑧
R
k Ln
Let F := k(ΛN )Fqm = k(ΛN )m and let V be the first ramification group of p∞ in
FLn/k. Then R := (FLn)
V is the maximal extension of k contained in FLn where
p∞ is tamely ramified and in consequence S∞(R) is wildly ramified in FLn/R.
Since p∞ is tamely ramified in E/k, it follows that E ⊆ R. Now, p∞ is tamely
ramified in F/k and S∞(F ) is fully and wildly ramified in FLn/F and FLn/F is
of degree |V |. Hence R = F and E ⊆ F . 
Proposition 3.5. With the hypothesis of Proposition 3.3, if ep∞(K|k) = q − 1,
then Kge = J .
Proof. Since ep∞(J |K) = ep∞ (J|k)ep∞ (K|k) =
q−1
q−1 = 1, p∞ decomposes fully in J/K and
therefore J ⊆ Kge.
Now the field of constants of Kge is Fq (see [11] or simply if Fqm is the field of
constants of Kge, k ⊆ km ⊆ Kge and p∞ is fully inert in km; since p∞ and the
primes in S∞(K) have no inertia in either K/k or J/K, m = 1.)
Since p∞ decomposes fully in Kge/K and p∞ is tamely ramified in K/k, by
Proposition 3.4 we have Kge ⊆ k(ΛN )Fqm for some N ∈ RT and m ∈ N.
In all the extensions km/k, Km/K, Jm/J , k(ΛN )m/k(ΛN) the infinite primes
are fully inert since all have degree 1 (see [14, Theorem 6.2.1]). In the extensions
Km/km and K/k the ramification index of the infinite primes is q − 1, that is,
the maximal possible. It follows that in Jm/Km, J/K, k(ΛN)/J and k(ΛN)m/Jm,
S∞(Km), S∞(K), S∞(J) and S∞(Jm) are fully decomposed. Finally, in k(ΛN )m/J
(and therefore in k(ΛN )m/Kge), S∞(J) is unramified.
Let G := Gal(k(ΛN )m/J). For S∞(J) we have that in this extension the rami-
fication index e, the inertia degree f and the decomposition number h are e = 1,
f = m and h = |G|m . Therefore the decomposition group D of p∞ is of order m
and it is cyclic. We must have D = Gal(k(ΛN )m/k(ΛN)) because S∞(k(ΛN )) is
fully inert of degree m in k(ΛN)m/k(ΛN). Since the primes in S∞(J) have inertia
degree 1 in Kge/J , it follows that Kge ⊆ k(ΛN ). Thus Kge = J . 
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k(ΛN ) k(ΛN )m
Kge
✇✇
✇✇
✇✇
✇✇
✇
J Jm
K Km
k km
J
J (2)
②②
②②
②②
②②
J (1)
Y1 ❊❊
❊❊
❊❊
❊❊
❊ K
X
k
Now we consider the case k ⊆ K ⊆ k(ΛN ) where ep∞(K|k) not necessarily is
equal to q−1. We use the notations of Proposition 3.3. In this case S∞(K) might be
ramified in J/K. Let Y1 :=
{
χ ∈ Y | χ(a) = 1 for all a ∈ F∗q ⊆
(
RT /(N)
)∗ ∼= GN}
and let J (1) be the field associated to Y1. Then J
(1) ⊆ J since Y1 ⊆ Y , though not
necessarily J (1) ⊆ K or K ⊆ J (1). Let J (2) := KJ (1).
Then J (2) is the field associated to the character group XY1. Since p∞ decom-
poses fully in J (1)/k, S∞(K) decomposes fully in J
(2). Furthermore S∞(J
(1)) is
fully ramified in J/J (1). Hence S∞(J
(2)) is fully ramified in J/J (2).
We obtain that J (2)/K is an unramified abelian extension with J (2) ⊆ k(ΛN )
and S∞(K) decomposes fully in J
(2)/K. It follows that J (2) = JD where D is
the decomposition group of any prime in S∞(J) with respect to the Galois group
Gal(J/K).
Now consider any unramified abelian extension F/K such that S∞(K) decom-
poses fully in F . By Proposition 3.4, F ⊆ k(ΛN )Fqm for some N ∈ RT and m ∈ N.
In case F ⊆ k(ΛN ), let Z be the group of Dirichlet characters associated to F .
Since F/K is unramified, it follows that X ⊆ Z ⊆ Y by Proposition 3.3 and thus
F ⊆ J . Since J (2) = JD, we obtain that F ⊆ J (2).
k(ΛN )
I
k(ΛN )m
F
☛☛
☛☛
☛☛
☛
☛☛
☛☛
☛☛
☛B Bm
K Km
k km
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For the case k ⊆ F ⊆ k(ΛN )Fqm , that is, F not necessarily is contained in a
cyclotomic function field, let I be the inertia group of S∞(K) in k(ΛN )/K and
let B := k(ΛN)
I. Then the primes in S∞(B) are fully inert in Bm because they
have degree 1 and they are fully ramified in k(ΛN )/B. Since S∞(K) decomposes
fully in B, B is the decomposition field of the primes in S∞(K) in k(ΛN )m/K so
F ⊆ B ⊆ k(ΛN ).
From the first part, we obtain that F ⊆ J (2). We have proved the following
Theorem 3.6. Assume K ⊆ k(ΛN) for some polynomial N . Let X be the group
of Dirichlet characters associated to K, Y =
∏
P |N XP , Y1 = {χ ∈ Y | χ(a) =
1 for all a ∈ F∗q} and J (1) the field associated to Y1. Then the genus field Kge of K
satisfies Kge ⊆ k(ΛN ) and Kge = KJ (1). 
4. General congruence function fields
First we prove the following result.
Lemma 4.1. If K/k is an abelian extension and the degree of any prime divisor
in S∞(K) is t, then the field of constants of Kge is Fqt .
Proof. Consider the constant field extension Kr := KFqr of K. Then the number
of primes in Kr above any prime in S∞(K) is h = gcd(dK(S∞(K)), r) = gcd(t, r)
([14, Theorem 6.2.1(2)]). Therefore S∞(K) decomposes fully in Kr/K iff h = r
and this is equivalent to r | dK(S∞(K)) = t. It follows that the maximal constant
field extension of K where S∞(K) decomposes fully is Kt = KFqt . Thus the field
of constants of Kge is Fqt . 
4.1. Congruence function fields where p∞ is tamely ramified. Now we con-
sider any finite geometric abelian extension K/Fq of k such that p∞ is tamely
ramified. Then we have K ⊆ k(ΛN )Fqm = k(ΛN )m for some N ∈ RT and m ∈ N.
Since k(ΛN)/k is a geometric extension and km/k is an extension of constants,
we have k(ΛN ) ∩ km = k. Since p∞ is tamely ramified in Kge/k, without loss of
generality we may assume that Kge ⊆ k(ΛN)m.
Define E := Km ∩ k(ΛN ) ⊆ Km. By the Galois correspondence we have Em =
Ekm = Km. We also have [E : k] = [K : k] since m[K : k] = [Km : k] = [Em : k] =
m[E : k]. Hence,
Em = Km and [E : k] = [K : k].(4.1)
In other words, E plays a role similar to that ofK but it is contained in a cyclotomic
extension.
Since E = Km ∩ k(ΛN), it follows that E ∩ K = Ege ∩ K = k(ΛN) ∩ K.
Because Km/K and Ege/E are unramified, we obtain that EgeK/K is unramified.
Also, since S∞(E) decomposes fully in Ege, S∞(EK) decomposes fully in EgeK.
Now, S∞(E ∩K) has inertia degree one in E/(E ∩K) but might be ramified, so
S∞(K) might have inertia in EK/K. Since the decomposition group of S∞(K)
corresponding to the extension EK/K is contained in the decomposition group of
S∞(E ∩K) corresponding to the extension E/(E ∩K) (and this group is equal to
the inertia group), the inertia degree d of S∞(K) in EK/K divides the ramification
index of S∞(E ∩ K) in E/(E ∩ K). This last one is a divisor of q − 1. That is,
d | (q − 1).
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Let H be the decomposition group of S∞(K) in EgeK/K. We have that H is
a cyclic group of order d and it corresponds to the inertia of S∞(K) in EgeK/K.
If H1 := H |Ege , we have that (EgeK)H = EH1ge K is unramified over K and S∞(K)
splits completely. Thus (EgeK)
H ⊆ Kge. Note that since S∞(E) is fully de-
composed in Ege/E and S∞(E
H1
ge ) is fully ramified in Ege/E
H1
ge , it follows that
EEH1ge = Ege. In short, we have
(EgeK)
H = EH1ge K ⊆ Kge and EEH1ge = Ege.(4.2)
Finally, let C := Kge,m∩k(ΛN ). From (4.1) we haveE ⊆ Em = Km ⊆ Kge,m and
E ⊆ k(ΛN ). Hence E ⊆ C. From (4.2) we obtain EH1ge ⊆ EH1ge K ⊆ Kge ⊆ Kge,m.
Hence EH1ge ⊆ Kge,m ∩ k(ΛN ) = C. We also have Ege = EEH1ge ⊆ C.
Now, by definition, Kge/K is unramified. Thus Kge,m/Km is unramified. We
have Km = Em = (EK)m and Em/E, being an extension of constants, is unram-
ified. It follows that Kge,m/E is unramified. Since E ⊆ C ⊆ Kge,m we obtain
that C/E is unramified. Finally, because C ⊆ k(ΛN) and S∞(E) is unramified in
C/E, it follows that S∞(E) is fully decomposed in C/E. Hence C ⊆ Ege. Since
k(ΛN)m = k(ΛN )km and k(ΛN)∩km = k, by the Galois correspondence, we obtain
C = Ege and Ege,m = Ckm = Kge,m.(4.3)
k(ΛN ) k(ΛN )m
C
C=Ege
✤
✤
✤ Kge,m
Kge,m=Ege,m
✤
✤
✤
Ege
H1=H|Ege
①①
①①
①①
①①
✷✷
✷✷
✷✷
✷✷
✷✷
✷✷
✷✷
✷
EgeK
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
✸
H
♣♣♣
♣♣♣
♣♣♣
♣
Ege,m
E
H1
ge
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺
E
H1
ge K = (EgeK)
H
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄
Kge
E
①①
①①
①①
①①
EK
✇✇
✇✇
✇✇
✇✇
✇
Em = Km
❥❥❥❥
❥❥❥❥
❥❥❥❥
❥❥❥❥
❥
E ∩ K K
k km
From (4.2) we have EH1ge K ⊆ Kge ⊆ Kge,m and
(EH1ge K)m = E
H1
ge Km = E
H1
ge Em = (E
H1
ge E)m = Ege,m = Kge,m.
Thus Kge,m/E
H1
ge K is an extension of constants. From Lemma 4.1, the field of
constants of Kge is Fqt , so Kge = (E
H1
ge K)t. If we prove that Fqt ⊆ EH1ge K, it will
follow that Kge = E
H1
ge K.
Let I be the inertia group of any element of S∞(K) in the extension K/k,
|I| = e(S∞(K) | p∞) = e, and let D′ be the decomposition group of S∞(K) in
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K/k. We have |D′| = et since D′/I ∼= Gal(K(S∞(K))/k(p∞)) ∼= Ct. In the
following diagram the decomposition type is referred to the infinite prime divisors.
K
fully
decomposed
I
D′
Kt
I
K1
fully
decomposed
t=|D′/I| inert
K1,t
t
inert
④④
④④
④④
④④
F
K2
t
inert
fully
decomposed
K2,t
fully
decomposed
k
t
inert
kt
HereK1 := K
I,K2 := K
D′ and F is the fixed field of the decomposition group of
p∞ inK1,t/k. It follows that p∞ is fully decomposed in F/k. Therefore F ⊆ k(ΛN ).
The inertia degree of any element of S∞(K2) in the extension K1/K2 is t. Thus
F ∩K1 = K2 and FK1/K2 is an extension of degree t2 with Galois group Ct ×Ct.
In particular we obtain FK1 = K1,t.
Since F ⊆ Kt and K ⊆ k(ΛN )m, we have F ⊆ Kt ⊆ (k(ΛN )m)t = k(ΛN )m.
Because E = Km∩k(ΛN ) it follows that F ⊆ E and since p∞ is fully decomposed in
F/k, we have F ⊆ EH1 . Therefore ktK1 = K1,t = FK1 ⊆ FK ⊆ EH1K ⊆ EH1ge K.
Thus the field of constants of EH1K contains Fqt . Hence
Kge = E
H1
ge K.(4.4)
Now, from (4.2) we obtain EH1ge K = Kge ⊆ EgeK ⊆ (EgeK)m = EH1ge EKm =
(EH1ge K)m. In particular, EgeK/Kge is an extension of constants. Since K ∩Ege =
K ∩E, from the Galois correspondence we obtain
[EgeK : Kge] = [EgeK : E
H1
ge K] = [Ege : E
H1
ge ] = d = |H1| = |H |
and since the field of constants of Kge is Fqt , it follows that the field of constants
of EgeK is Fqtd and
EgeK = KgeFqtd .(4.5)
Finally, from (4.3) we have Kge = E
D
ge,m = K
D
ge,m where D is the decomposition
group of the prime divisors in S∞(K) in Ege,m/K. Observe that |D| = [Ege,m :
Kge] = [Kge,m : Kge] =
m
t where t is the degree of any prime in S∞(K).
We have proved
Theorem 4.2. Let K/Fq be a geometric finite abelian extension of k where p∞
is tamely ramified. Let N ∈ RT and m ∈ N be such that Kge ⊆ k(ΛN)Fqm . Let
Ege be the genus field of E := k(ΛN ) ∩KFqm and let Ege,m = EgeFqm . Let H be
the decomposition group of S∞(K) in EgeK/K. Let H1 = H |Ege . Let D be the
decomposition group of the prime divisors in S∞(K) in Ege,m. Then the genus field
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of K is
Kge = (EgeK)
H = EH1ge K = E
D
ge,m. 
Remark 4.3. Let 〈σ〉 = Gal(k(ΛN )m/k(ΛN)) ∼= Gal(km/k). Then with the above
notations, we have D ∼= 〈σt〉 and
[Kge : K] =
[Kge,m : K]
[Kge,m : Kge]
=
[Ege,m : Km][Km : K]
|D| =
[Ege,m : Em]m
m/t
= [Ege : E]t,
(4.6)
where t is the degree of any prime in S∞(K).
4.2. Congruence function fields with general type ramification of p∞. Fi-
nally we consider any geometric finite abelian extension K of k. By the Kronecker–
Weber Theorem, we have K ⊆ k(ΛN )FqmLn = nk(ΛN )m for some N ∈ RT and
n,m ∈ N. Let G := Gal(nk(ΛN )m/k(ΛN)m), H := Gal(nk(ΛN )m/Kk(ΛN)m),
M := Kk(ΛN)m ∩ Ln = LH1n where H1 := H|Ln .
Let G := Gal(nk(ΛN)m/Ln), H := Gal(nk(ΛN )m/nK), F := nK ∩ k(ΛN )m =
k(ΛN)
H1
m where H1 := H |k(ΛN )m .
We have F = nK ∩ k(ΛN )m ⊆ nK. Hence, on the one hand nF ⊆ nK, and on
the other hand [nk(ΛN )m : nF ] = [k(ΛN )m : F ] = |H1| = |H | = [nk(ΛN )m : nK].
It follows that nF = nK. Similarly we obtain Mk(ΛN)m = Kk(ΛN )m.
k(ΛN)m
G
Mk(ΛN )m = Kk(ΛN)m
H
nk(ΛN )m
H
GF FM = KM = FK nF = nK
K
✈✈
✈✈
✈✈
✈✈
✈✈
♠♠♠♠♠♠♠♠♠♠♠♠♠♠♠
k M Ln
Set A ⊆ G × G such that K = nk(ΛM )Am. First we will prove that FM =
KM = FK. We have F = nk(ΛN)
G×H
m and M = nk(ΛN )
H×G
m . Then if we denote
R = nk(ΛN )m, we have
RA∩(G×1) = RARG×1 = Kk(ΛN )m =Mk(ΛN)m
= RH×GRG×1 = R(H×G)∩(G×1) = RH×1,
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so that A ∩ (G × 1) = H× 1. Similarly A ∩ (1×G) = 1×H . Therefore
FM = RG×HRH×G = R(G×H)∩(H×G) = RH×H ,
KM = RARH×G = RA∩(H×G),
FK = RG×HRA = R(G×H)∩A.
Since it is easily seen that (G ×H) ∩ A = A ∩ (H × G) = H ×H , it follows that
FM = KM = FK.
Given that Fge/F is unramified and S∞(F ) decomposes fully, we obtain that
nKFge/nK is unramified and S∞(nF ) decomposes fully. Now, in nK/K the only
possible ramified primes are those in S∞(K) and if this is so, they are wildly
ramified. It follows that in nKFge/K the only possible ramified primes are the
elements of S∞(K) and if this is so, they are wildly ramified. In particular, in
FgeK/K the only possible ramified primes are those in S∞(K) and if they are
ramified, they are wildly ramified.
Again, given that the extension Fge/F is unramified and S∞(F ) decomposes
fully, FgeK/FK is unramified and S∞(FK) decomposes fully. In the extension
F/(K ∩ F ), S∞(K ∩ F ) is tamely ramified, hence S∞(K) is tamely ramified in
FK/K. Therefore S∞(K) decomposes fully in FK/K. In short, we have FgeK ⊆
Kge.
Since FM = FK, FgeM = FgeK ⊆ Kge. Let V be the first ramification group
of p∞ in Kge/k. Set E := K
V
ge. Then p∞ is tamely ramified in E/k and therefore
E ⊆ k(ΛN )m. Since p∞ is fully wildly ramified in M/k, M ∩ E = k. Now, being
V the first ramification group of p∞ in the extension Kge/k and it is so in M/k, it
follows that p∞ and S∞(M) are tamely ramified in the extensions E/k and Kge/M
respectively and S∞(F ) is fully wildly ramified in the extension FK = FM/F . In
particular, S∞(M) is tamely ramified in Kge/M and since Kge/K is unramified, it
follows that Kge/FM is unramified.
E
V
Kge
Fge FgeM = FgeK
F
p∞ is tamely
ramified
FM = KM = FK
S∞(M) is tamely
ramified
K
♦♦♦♦♦♦♦♦♦♦♦♦♦
④④
④④
④④
④④
k
V
M
Now [Kge : k] = [E : k]|V | = [E : k][M : k] = [EM : k]. It follows that
Kge = EM . We also have Fge ⊆ E because Fge = FgeK ∩ E ⊆ E. The extension
Kge/FK is unramified since Kge/K is unramified. Since p∞ is the only ramified
prime in M/k, the only ramified primes in FK = FM/F are those in S∞(F ) and
as we just mentioned, they are wildly ramified. S∞(F ) is not ramified in E/F since
otherwise it would be tamely ramified, and E/F is unramified at every other prime
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because Kge/F is ramified at most at the prime divisors in S∞(F ). It follows that
E ⊆ Fge and therefore E = Fge. Thus Kge = EM = FgeM = FgeK.
We have proved
Theorem 4.4. Let K/k be any finite abelian extension with K ⊆ nk(ΛN )m. Let
F = nK ∩ k(ΛN )m and M = Kk(ΛN )m ∩ Ln. Then the genus field of K is
Kge = FgeK = FgeM . 
Our main result is the combination of Theorems 4.2 and 4.4.
Theorem 4.5. Let K/k be a finite abelian extension with K ⊆ k(ΛN )FqmLn. Let
F = KLn ∩ k(ΛN )Fqm and E = k(ΛN) ∩ FFqm ⊆ k(ΛN). Then the genus field of
K is
Kge = E
H1
ge FK
where Ege is the genus field of E, H is the decomposition group of S∞(F ) in EgeF/F
and H1 = H |Ege . Furthermore EgeFK/Kge is an extension of constants of degree
d = |H | and d divides q − 1. Finally
EgeFK = KgeFqtd
where t is the degree of S∞(K). 
5. Applications
In this section we will see how our results can be applied to some general abelian
extensions: Kummer, Artin–Schreier and p–cyclic (Witt) extensions.
5.1. Kummer Extensions. Here we will assume that q ≥ 3. Let P ∈ R+T . Then
k( q−1
√
(−1)degPP ) ⊆ k(ΛP ) (see [12, Exercise 5, page 303]). Thus for l a prime
number such that l | q − 1, we have k( l
√
(−1)degPP ) ⊆ k(ΛP ). Therefore for any
monic polynomial D ∈ RT , we obtain k( l
√
(−1)degDD) ⊆ k(ΛD).
Note that for α, β ∈ F∗q , we have k( l
√
αD) = k( l
√
βD) iff α ≡ β mod (F∗q)l. In
particular k( l
√
γD) ⊆ k(ΛD) iff γ ≡ (−1)degD mod (F∗q)l. It follows that if l | degD
then k( l
√
D) ⊆ k(ΛD).
In this subsection we use the notations of Section 4. Let K := k( l
√
γD) with
D ∈ RT a monic l–power free polynomial, γ ∈ F∗q and D = P e11 · · ·P err where
Pi ∈ R+T , 1 ≤ ei ≤ l − 1, 1 ≤ i ≤ r. Furthermore we arrange the product so that
l | degPi for 1 ≤ i ≤ s and l ∤ degPj for s+ 1 ≤ j ≤ r, 0 ≤ s ≤ r. In general, we
always have E = k( l
√
(−1)degDD), and F∗q ⊆ (F∗ql)l. Now
K = E ⇐⇒ (−1)degD ≡ γ mod (F∗q)l ⇐⇒ (−1)degDγ ∈ (F∗q)l.
Proposition 5.1. The behavior of p∞ in K/k is the following:
(a).- If l ∤ degD, p∞ is ramified.
(b).- If l | degD and γ ∈ (F∗q)l, p∞ decomposes.
(c).- If l | degD and γ 6∈ (F∗q)l, p∞ is inert.
Proof. [10, Lemma 3]. 
Note that in general EK = k
(
l
√
(−1)degDD, l√γD) = K( l√(−1)degDγ) =
KFq
(
l
√
(−1)degDγ). We have Fq( l√(−1)degDγ) = Fq ⇐⇒ (−1)degDγ ∈ (F∗q)l(⇐⇒
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E = K). Consequently Fq
(
l
√
(−1)degDγ) = Fql ⇐⇒ (−1)degDγ /∈ (F∗q)l. In any
case we have EK = E or EK = El = Kl.
Now by (5.1) we have [Kge : K] = [Ege : E]t where
t = deg S∞(K) =
{
1 if p∞ is not inert in K/k,
l if p∞ is inert in K/k.
WhenK = E, that is, whenK ⊆ k(ΛD), if χ is the character of order l associated
to K, χ = χP1 · · ·χPr , we consider Y = 〈χPi | 1 ≤ i ≤ r〉. The field associated to
Y is
F = k
(
l
√
(−1)degP1P1, . . . , l
√
(−1)degPrPr
)
,
and Kge = F if l ∤ degD or if l | degPi for all i (that is, s = r). This is because
in the first case p∞ is already ramified in K and in the second p∞ is unramified in
F/k (Proposition 5.1).
When l | degD and l ∤ degPr, p∞ ramifies in F/k and is unramified in E/k. In
this case [F : Ege] = l. Let as+1, . . . , ar−1 ∈ Z be such that l | deg(PmP amr ), that
is, degPm + am degPr ≡ 0 mod l, s+ 1 ≤ m ≤ r − 1. Let
F1 := k
(
l
√
P1, . . . ,
l
√
Ps,
l
√
Ps+1P
as+1
r , . . . ,
l
√
Pr−1P
ar−1
r
) ⊆ k(ΛP1P2···Pr ).
Then S∞(E) decomposes in F1/E,K ⊆ F1 ⊆ Ege and since F = F1
(
l
√
(−1)degPrPr
)
,
we have [F : F1] = l. It follows that Ege = F1. We have
Ege =
{
F if l ∤ degD or if l | degPr,
F1 if l | degD and l ∤ degPr.
(5.1)
Let α := (−1)degDγ. We have E = K ⇐⇒ α ∈ (F∗q)l and E 6= K ⇐⇒ α /∈
(F∗q)
l. In particular, when α ∈ (F∗q)l we have Ege = Kge.
When α /∈ (F∗q)l, we have
EK = k( l
√
(−1)degDD, l
√
γD) = K( l
√
α) = Kl 6= K.
From Theorem 4.2 we obtain that if S∞(K) is not inert in EK/K then Kge =
EgeK. When S∞(K) is inert in EK/K then Kge = E
H1
ge K where H1 is the inertia
group of p∞ in Ege/k . This last case holds when E 6= K, that is, α /∈ (F∗q)l, and,
p∞ is ramified in E/k, that is, l ∤ degD. Since p∞ is unramified in F1/k, it follows
that EH1ge = F1. Combining this situation with (5.1), we obtain that Kge is equal
to one of the following six cases:
F1 if α ∈ (F∗q)l, l | degD and l ∤ degPr (this implies γ ∈ (F∗q)l),
F if α ∈ (F∗q)l and l | degPr (this implies l | degD and γ ∈ (F∗q)l),
F if α ∈ (F∗q)l and l ∤ degD,
F1K if α /∈ (F∗q)l, l | degD and l ∤ degPr (this implies γ /∈ (F∗q)l),
FK if α /∈ (F∗q)l and l | degPr (this implies l | degD and γ /∈ (F∗q)l),
F1K if α /∈ (F∗q)l and l ∤ degD (this implies l ∤ degPr).
Therefore we have obtained
Theorem 5.2 (G. Peng [10]). Let D = P e11 · · ·P err ∈ RT be a monic l–power
free polynomial, where Pi ∈ R+T , 1 ≤ ei ≤ l − 1, 1 ≤ i ≤ r. Let 0 ≤ s ≤ r
be such that l | degPi for 1 ≤ i ≤ s and l ∤ degPj for s + 1 ≤ j ≤ r. Let
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K := k( l
√
γD) where γ ∈ F∗q. Let α := (−1)degDγ and as+1, . . . , ar−1 ∈ Z satisfying
degPm + am degPr ≡ 0 mod l, s+ 1 ≤ m ≤ r − 1. Then Kge is given by:
(a).- k
(
l
√
(−1)degP1P1, . . . , l
√
(−1)degPrPr
)
if α ∈ (F∗q)l and l ∤ degD.
(b).- k
(
l
√
P1, . . . ,
l
√
Ps,
l
√
Ps+1P
as+1
r , . . . ,
l
√
Pr−1P
ar−1
r
)
if α ∈ (F∗q)l, l | degD, and
l ∤ degPr.
(c).- k
(
l
√
γ, l
√
P1, . . . ,
l
√
Pr) if l | degPr.
(d).- k
(
l
√
γD, l
√
P1, . . . ,
l
√
Ps,
l
√
Ps+1P
as+1
r , . . . ,
l
√
Pr−1P
ar−1
r
)
if α /∈ (F∗q)l and l ∤
degPr. 
5.2. Artin–Schreier extensions. Consider K := k(y) where yp−y = α ∈ k. The
equation can be normalized as:
(5.2) yp − y = α =
r∑
i=1
Qi
P eii
+ f(T ),
where Pi ∈ R+T , Qi ∈ RT , gcd(Pi, Qi) = 1, ei > 0, p ∤ ei, degQi < degP eii ,
1 ≤ i ≤ r, f(T ) ∈ RT , with p ∤ deg f when f(T ) 6∈ Fq.
We have that the finite primes ramified in K/k are precisely P1, . . . , Pr. With
respect to p∞ we have
Proposition 5.3. The prime p∞ is
(a).- decomposed if f(T ) = 0,
(b).- inert if f(T ) ∈ Fq and f(T ) 6∈ ℘(Fq) := {ap − a | a ∈ Fq},
(c).- ramified if f(T ) 6∈ Fq (thus p ∤ deg f).
We study two cases.
Case 1: We assume that p∞ is not ramified, so f(T ) ∈ Fq. Recall that Kp = KFqp .
We have Gal(Kp/k) ∼= Cp × Cp. The p + 1 fields of degree p over k contained in
Kp are: k(y + βi), 1 ≤ i ≤ p and kp, where
{
βi
}p
i=1
is a basis of Fqp over Fq. By
Proposition 5.3, the unique such extension such that p∞ is not inert is the one k(w)
such that wp − w = α− f(T ). Thus E = k(w).
If χ is the character associated to E, then χ = χP1 · · ·χPr and the field associated
to χPi is k(yi), where y
p
i − yi = αi := QiP ei
i
, 1 ≤ i ≤ r. Therefore
Ege = k(y1, · · · , yr).(5.3)
Thus Kge = EgeK = k(y1, . . . , yr, β) with β = 0 or β
p − β 6∈ ℘(Fq) = {xp − x |
x ∈ Fq}.
Case 2: Now consider the case p∞ ramified in K. Set K1 := k(β), β
p − β = f(T ),
p ∤ deg f . Let E := k(w) where wp − w = α− f(T ) = α1 =
∑r
i=1
Qi
P
ei
i
. By Case 1,
Ege = k(y1, . . . , yr). Therefore Kge = EgeK = k(y1, . . . , yr, β).
We have proved
Theorem 5.4 (S. Hu and Y. Li [7]). Let K = k(y) be given by (5.2). Then
Kge = k(y1, . . . , yr, β), where y
p
i − yi = QiP ei , 1 ≤ i ≤ r and βp − β = f(T ).
5.3. p–cyclic extensions. This case is similar to Artin–Schreier’s. Here we con-
sider K = k(~y) where ~yp
•− ~y = ~β, and the operation is the Witt difference. The
extension is a finite p–extension of degree less than or equal to pn where ~y is of
length n. Let P1, . . . Pr be the finite prime divisors ramified in K/k.
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Theorem 5.5. Let K/k be a cyclic extension of degree pn where P1, . . . , Pr ∈ R+T
and possibly p∞, are the ramified prime divisors. Then K = k(~y) where
~yp
•− ~y = ~β = ~δ1 •+ · · · •+ ~δr •+ ~µ,
with βp1 − β1 /∈ ℘(k), δij = QijP eiji , eij ≥ 0, Qij ∈ RT and if eij > 0, then p ∤ eij,
gcd(Qij , Pi) = 1 and deg(Qij) < deg(P
eij
i ), and µj = fj(T ) ∈ RT with p ∤ deg fj
when fj 6∈ Fq.
Proof. We recall some facts on Witt vectors that we will need. In general, for the
ring R := Q[xi, yj , zl] in the variables xi, yj , zl we consider the ring Rn, n ∈ N, with
the underlying set equal to Rn and with the operations +,−, · componentwise. Let
Rn be the ring with underlying set the same Rn and with the following operations
(Witt). Let ϕ : Rn → Rn be given by ϕ(a1, . . . , an) =
(
a(1), . . . , a(n)
)
where
a(m) := ap
m−1
1 + pa
pm−2
2 + · · ·+ pm−1am, m = 1, . . . , n.
Then ϕ is a bijective map with inverse ψ : Rn → Rn given by ψ
(
a(1), . . . , a(n)
)
=
(a1, . . . , an) where
am =
1
pm−1
(
a(m) − apm−11 − pap
m−2
2 − · · · − pm−2apm−1
)
, m = 1, . . . , n.
The Witt operations
•
+,
•− and •· on Rn are given by
a
•
+
–
·
b =
(
aϕ
+
–
·
bϕ
)ϕ−1
.
Now we return to our case of congruence function fields. Consider K/k a cyclic
extension of degree pn given by K := k(~y), ~yp
•− ~y = ~β with ~y ∈ Wn(K) a Witt
vector of length n in K and ~β ∈ Wn(k) a Witt vector of length n in k.
Let ~β = (β1, . . . , βn) be such that
βj =
r∑
i=1
Qij
P
eij
i
+ fj(T ), where P1, . . . , Pr ∈ R+T ,
{
Qij
}1≤j≤n
1≤i≤r
⊆ RT ,
fj(T ) ∈ RT , eij ∈ N ∪ {0} for all 1 ≤ i ≤ r and 1 ≤ j ≤ n.(5.4)
Now when we apply ϕ to ~β we obtain
(
β(1), . . . , β(n)
)
and from the definition of
β(j), we obtain
β(j) =
r∑
i=1
Q′ij
P
e′
ij
i
+ f ′j(T ) for all 1 ≤ j ≤ n.
We write
~β = ~γ1 + · · ·+ ~γr + ~ξ,(
β(1), . . . , β(n)
)
=
(
γ
(1)
1 , . . . , γ
(n)
1
)
+ · · ·+ (γ(1)r , . . . , γ(n)r )+ (ξ(1), . . . , ξ(n))
with
γ
(j)
i =
Q′ij
P
e′
ij
i
, 1 ≤ i ≤ r, 1 ≤ j ≤ n and ξ(j) = f ′j(T ).
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When we apply ϕ−1, we obtain
(β1, . . . , βn) =
(
β(1), . . . , β(n)
)ϕ−1
= (~γ1)
ϕ−1 •+ · · · •+ (~γr)ϕ
−1 •
+ (~ξ)ϕ
−1
and each vector (~γi)
ϕ−1 is of the form
(
Q′′i1
P
e′′
i1
i
, · · · , Q′′in
P
e′′
in
i
)
and the vector (~ξ)ϕ
−1
is of
the form
(
f ′′1 (T ), . . . , f
′′
n (T )
)
. In other words
~β = ~δ1
•
+ · · · •+ ~δr •+ ~µ
where the components of each ~δi have poles at most at Pi and ~µ has components
with poles at most at p∞. Let pi be the divisor corresponding to Pi.
Now each ~δ and ~µ can be normalized in such a way that each component (~δi)j :=
δij has divisor(
δij
)
k
=
aij
pλii
with λi ≥ 0; if λi = 0, then vpi(aij) ≥ 0;
if λi > 0, then gcd(p, λi) = 1 and vpij (aij) = 0,
and similarly for ~µ with respect to p∞ (see [13, page 162]). Indeed, the normal-
ization can be obtained by the change of variable yij 7→ yij + αij , 1 ≤ i ≤ r,
1 ≤ j ≤ n, where ~yi = (yi1, . . . , yin), ~ypi
•− ~yi = ~δi and αij ∈ k, that corresponds to
the substitution δij 7→ δij + αpij − αij and therefore the components obtained have
no poles other than pi. 
Now we study the behavior of p∞ in K/k.
Proposition 5.6. Let K/k be given as in Theorem 5.5. Let µ1 = · · · = µs = 0,
µs+1 ∈ F∗q, µs+1 6∈ ℘(Fq) and finally, let t + 1 be the first index with ft+1 6∈ Fq
(and therefore p ∤ deg ft+1). Then the ramification index of p∞ is p
n−t, the inertia
degree of p∞ is p
t−s and the decomposition number of p∞ is p
s. More precisely,
if Gal(K/k) = 〈σ〉 ∼= Cpn , then the inertia group of p∞ is I = 〈σpt〉 and the
decomposition group of p∞ is D = 〈σps〉.
Proof. Since the extension K/k is a cyclic extension of degree a power of a prime,
the inertia field is the first layer such that p∞ ramifies. The index of this first layer
is t+ 1 (see [13]). On the other hand, by the same reason, the decomposition field
is the first layer where p∞ is inert and this is given by s+ 1 (Proposition 5.3). 
Now ~ypi
•− ~yi = ~δi, 1 ≤ i ≤ r and ~zp •− ~z = ~µ. Note that k(~y, ~yi) and k(~y, ~z) are
unramified extensions of k(~y).
We have k(~y
•− ~z) ⊆ k(ΛN ) for some N ∈ RT since by Proposition 5.6, p∞ is
fully decomposed in k(~y
•− ~z). Therefore E = k(~y •− ~z) is contained in a cyclotomic
function field.
If χ is the character associated to E, then χ = χP1 · · ·χPr , where each χPi is
of order pni with ni ≤ n. The field associated to χPi is the field contained in
a cyclotomic function field such that Pi is the only ramified prime and with the
same ramification behavior that the one of Pi in E/k. Since in both cases this
ramification is completely determined by ~δi, it follows that the field associated to
χPi is k(~yi). It follows that Ege = k(~y1, . . . , ~yr) since p∞ is fully decomposed.
Note that Kk(~z)/K is unramified and S∞(K) decomposes fully. It follows from
Theorems 4.2 and 4.5 that Kge = Egek(~z).
Therefore we have proved
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Theorem 5.7. If K/k is given as in Theorem 5.5, then Kge = k(~y1, . . . , ~yr, ~z)
where ~ypi
•− ~yi = ~δi, 1 ≤ i ≤ r and ~zp •− ~z = ~µ.
Example 5.8. Let k = F3(T ) and K = k(~y) where ~y3
•− ~y = ~β = ( 1T +1, 1T+1+T ).
Then the decomposition prescribed in Theorem 5.5 is:
~β =
( 1
T
,
T + 1
T 2
)
•
+
(
0,
1
T + 1
)
•
+
(
1, T
)
.
Thus, if ~y31
•− ~y1 = ~δ1 =
(
1
T ,
T+1
T 2
)
, ~y32
•− ~y2 = ~δ2 =
(
0, 1T+1
)
and ~z3
•− ~z = ~µ =(
1, T
)
, then Kge = k(~y1, ~y2, ~z).
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